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Fine control of the dynamics of a quantum system is the key element to perform quantum in-
formation processing and coherent manipulations for atomic and molecular systems. In this paper
we propose a control protocol using a tangent-pulse driven model and demonstrate that it indicates
a desirable design, i.e., of being both fast and accurate for population transfer. As opposed to
other existing strategies, a remarkable character of the present scheme is that high velocity of the
nonadiabatic evolution itself not only will not lead to unwanted transitions but also can suppress
the error caused by the truncation of the driving pulse.
Dynamical control of quantum systems that undergo
avoided level crossings plays an important role in many
areas of physics as well as some of quantum chemistry
[1, 2]. A well-known paradigm is that of the Landau-
Zener (LZ) model [3, 4] and its multi-state extensions
[5–11] which describe the evolution of quantum states in
the presence of a linearly changed external field. Ow-
ing to its very form of the simplest driving field, the LZ
model has become one of the mostly investigated explic-
itly time-dependent quantum systems and is exploited
as a tool for controlling the population in various physi-
cal systems, e.g., optical systems [12–15], semiconductor
quantum dots [16–18], superconducting qubits [19–22],
and so on.
The standard LZ model is defined in an infinite time
domain and the general solution of it, e.g., of the two-
level case, is described by the Weber’s parabolic cylinder
functions [3, 4]. In the case of ideal driving, complete
population transfer could be achieved through the adi-
abatic passage of the linear LZ sweep. As well as in
other analogs of the LZ protocol, population transfer via
avoided level crossings possesses the advantage of being
insensitive to the pulse area in comparison with the usual
resonant pi-pulse scheme [23]. On the other hand, as
the adiabatic evolution is often required in these proto-
cols, it indicates a slow speed—this is an issue related
to the generic quandary of quantum manipulations, i.e.,
how they could be implemented accurately and rapidly.
Various strategies have been proposed to tackle this is-
sue, such as the composite adiabatic passage technique
[24, 25] and transitionless quantum driving in terms of
the counter-diabatic protocol [26–30] or the short-cut
protocol [31–33]. In most of these cases, a complicated
design of the driving field, e.g., in the transitionless driv-
ing algorithm an auxiliary counter-diabatic field of time-
dependent form, is required to achieve the high-fidelity
population transfer.
In this paper we propose a tangent-pulse driven quan-
tum model for nonadiabatic population transfer and
demonstrate that, conditioned to a matching sweep fre-
quency, the transition dynamics of the system, including
the two-level case as well as its multi-level extension, is
fully controllable in an analytical manner. Contrary to
those protocols based on the transitionless driving algo-
rithm, no auxiliary field is needed in the scheme and the
nonadiabatic dynamics of the model itself that undergoes
avoided level crossings could realize complete population
transfer. Not only that, but for the imperfect pulsing
process with truncation, we show that the high velocity
of the nonadiabatic evolution of the proposed model can
suppress the error caused by the cutoff of the driving
field. As the protocol involves only a matching condition
about the fixed sweep frequency, it stands for an ideal
design for fast and accurate population control and may
substitute the LZ model for potential applications.
The model we are considering is described by the fol-
lowing Hamiltonian
H(t) ≡ Ω(t) · J = η1Jx + η2 tan(γt)Jz , (1)
where J denotes the angular-momentum operator with
the components satisfying [Ji, Jj ] = iεijkJk. The z com-
ponent of the external field Ωz(t) assumes a tangent-
shape form [see Fig. 1(a)] with t ∈ (− pi2γ , pi2γ ), and η1,2
and the sweep frequency γ are fixed constants which sat-
isfy the matching condition (setting h¯ = 1)
η21 = η
2
2 + γ
2. (2)
Given a general tangent-shape pulse, e.g., Ω˜(t) =
(η˜1, 0, η˜2 tan(γt)), the above condition for the frequency
could be fulfilled either by tuning the x component so
that η˜1 → η1 =
√
η˜22 + γ
2, or by an overall modulation
on the intensity of the field, Ω(t) ≡ γΩ˜(t)/
√
η˜21 − η˜22 ,
provided that η˜1 > η˜2.
Firstly we show that the dynamics of the system gov-
erned by the Schro¨dinger equation
i
∂
∂t
|ψ(t)〉 = H(t)|ψ(t)〉 (3)
could be solved analytically. To this goal, we invoke
a time-dependent transformation on the wavefunction:
|ψ(t)〉 = G(t)|ψg(t)〉, whereG(t) = eiϕJzei(γt+pi/2)Jy with
ϕ = − arcsin γη1 . In the rotating frame defined by G(t),
the state |ψg(t)〉 satisfies a new Schro¨dinger equation,
i∂t|ψg(t)〉 = Hg(t)|ψg(t)〉, in which the effective Hamil-
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FIG. 1: Adiabatic versus nonadiabatic scanning processes of
the tangent-pulse driven model (1) with a matching sweep
frequency: (a) Comparison of the time dependence of the z-
component of the driving field between the adiabatic sweep
with γ/η1 → 0 (dashed line) and the nonadiabatic sweep
with γ/η1 = 0.8 (solid line); (b) The corresponding adiabatic
(dashed line) and diabatic (solid line) energy levels, Ead± (t)
and E±(t) over the constant η1 of the model with j =
1
2
,
by which the associated gaps at the crossing point t = 0 are
shown to be ∆ad = 1 and ∆ = η2/η1 = 0.6, respectively.
tonian Hg(t) is obtained as
Hg(t) = G†(t)H(t)G(t) − iG†(t)∂tG(t)
= −η2 cos−1(γt)Jz. (4)
This simple form of Hg(t), i.e., containing only the Car-
tan generator Jz but with vanishing other generators,
is what one usually expects in the algebraic approach
to this kind of time-dependent quantum systems. The
previous examples successfully coped by the algebraic
method mostly involve driving fields with coordinately
time-varying components [34–36]. The present system is
distinctly different since there is only one component de-
pending on time and the corresponding sweep generates
a typical transition dynamics with avoided level crossings
which is in close analogy to that of the LZ model.
To proceed, noticing that Hg(t) is Abelian along the
time, the time evolution of the system in the rotating
frame is described by the operator
Ug(t, t0) = exp[−i
∫ t
t0
Hg(t′)dt′] = exp[iΘ(t, t0)Jz ], (5)
where Θ(t, t0) = η2
∫ t
t0
cos−1(γt′)dt′. That is to say,
the Schro¨dinger equation in this representation possesses
a stationary-state solution |ψgm(t)〉 = eimΘ(t,t0)|m〉 in
which |m〉 denotes the eigenstate of Jz with magnetic
quantum number m. Hence the time evolution operator
of the original Schro¨dinger equation (3) is given by
U(t, t0) = G(t)U
g(t, t0)G
†(t0); (6)
and the basic solution to its wavefunction, the so-called
diabatic base, is obtained as
|ψm(t)〉 = G(t)|ψgm(t)〉
= eimΘ(t,t0)
∑
m′
Djm′m(γt+
pi
2
)eim
′ϕ|m′〉, (7)
where Djm′m(φ) ≡ 〈m′|eiφJy |m〉 and the index m′ of the
summation is taken over −j,−j + 1, · · · , j with j the
azimuthal quantum number. Subsequently, the diabatic
energy levels of the system can be calculated according
to Em(t) ≡ 〈ψm(t)|H(t)|ψm(t)〉.
The result described above is applicable to the general
SU(2) system, i.e., to the angular momentum with ar-
bitrary quantum number j. For the simplest two-level
(j = 12 ) system, there is
D 12 (φ) =
(
cos φ2 sin
φ
2
− sin φ2 cos φ2
)
, (8)
so the diabatic bases are shown to be
|ψ± 1
2
(t)〉 = e± i2Θ(t,t0)
(
cos(γt2 ± pi4 )eiϕ/2
− sin(γt2 ± pi4 )e−iϕ/2
)
. (9)
The corresponding diabatic energy levels are obtained as
E±(t) = ∓ 12η2 cos−1(γt), which together with the adia-
batic Ead± (t) = ∓ 12η1 cos−1(γt), are depicted in Fig. 1(b).
It is seen that at the beginning and the ending points of
the sweep, the diabatic basis state |ψ 1
2
(t)〉 tends to |+〉 =(
1
0
) as t → − pi2γ and to |−〉 =( 01 ) as t → + pi2γ (up to a
phase term); and the basis state |ψ− 1
2
(t)〉 tends recipro-
cally to |−〉 or |+〉 as t → ∓ pi2γ . Therefore the complete
population transfer |+〉 ↔ |−〉 could be realized through
the ideal tangent-pulse sweep, whatever the driving pro-
cess is adiabatic or nonadiabatic.
The Hamiltonian (1) with high quantum number j ac-
counts for a multi-level extension of the sweep protocol
associated with avoided crossings. In particular, the ex-
act solvability of the system makes it an ideal scenario
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FIG. 2: Nonadiabatic population transfer along the time evo-
lution in the tangent-pulse driven model (1) with j = 1. The
initial state is in |1〉. The inset describes the diabatic levels
Em(t)/η1 (m = 1, 0,−1) with γ/η1 = 0.8 and they exhibit
the avoided crossing at t = 0.
3to manifest the behavior of the wavefunction undergoing
multichannel transitions. Firstly, it is direct to show that
the driving process results in a transition from the state
|m〉 to | −m〉 for all possible m = −j,−j +1, · · · , j. Ac-
cording to Eq. (6), the evolution operator generated by
the overall sweep during t ∈ (−τ, τ) with τ → pi2γ takes
the form of
U(τ,−τ) = eiϕJzeipiJyei[Θ(τ)−ϕ]Jz , (10)
in which Θ(τ) = η2
∫ τ
−τ cos
−1(γt)dt. In view of the trans-
formation eipiJy |m〉 → | − m〉, the transition probabil-
ity between any two states |m〉 and |m′〉 is immediately
yielded: |〈m′|U(τ,−τ)|m〉|2 = δm′,−m. To illustrate fur-
ther the multichannel transition process of the wavefunc-
tion, we resort to the three-level case with j = 1. The
corresponding matrix Djm′m(φ) is shown as
D1(φ) =


cos2 φ2
sinφ√
2
sin2 φ2
− sinφ√
2
cosφ sinφ√
2
sin2 φ2 − sinφ√2 cos2
φ
2

 . (11)
By taking φ = γt+ pi2 and substituting the above expres-
sion into Eq. (7), one obtains the diabatic bases for the
three-level system
|ψ0(t)〉 =
√
2
2
cos(γt)eiϕ|1〉 − sin(γt)|0〉 −
√
2
2
cos(γt)e−iϕ| − 1〉,
|ψ±1(t)〉 = e±iΘ(t,t0){1
2
[1∓ sin(γt)]eiϕ|1〉 ∓
√
2
2
cos(γt)|0〉+ 1
2
[1± sin(γt)]e−iϕ| − 1〉}. (12)
Starting from an initial state |ψ(−τ)〉 = |1〉, the wave-
function will undergo transitions via the channels |1〉 →
| − 1〉 and |1〉 → |0〉 → | − 1〉, and evolve precisely to the
ending state | − 1〉 up to a phase factor. We depict in
Fig. 2 the corresponding population transfer along the
time evolution of the driving process. It is seen that the
maximal population in the intermediate state |0〉 is p = 12
which occurs at the point t = 0.
In the practical scanning process, the driving field has
finite intensity and the cutoff of the sweep will cause
some losses of the transition probability. Consider that
the truncation of the field pulse is symmetric. For the
evolution generated during the period t ∈ [−τc, τc], the
goal now is to find the matrix of transition probabilities
Pˆ (τc), with the matrix element defined as Pm′m(τc) ≡
|〈m′|U(τc,−τc)|m〉|2. Denote by δ ≡ pi2 − γτc the devi-
ation of the maximal phase angle from that of the ideal
tangent pulse. Since the evolution operator U(τc,−τc) is
specified explicitly in Eq. (6), Pm′m(τc) could be calcu-
lated directly via
Pm′m(τc) = |〈m′|ei(pi−δ)JyeiΘ(τc)Jze−iδJy |m〉|2, (13)
in which Θ(τc) ≡ Θ(τc,−τc). As the representatives
Djk′k(−δ) = 〈k′|e−iδJy |k〉 for j = 12 and j = 1 are already
given in Eqs. (8) and (11), the corresponding matrices of
the transition probabilities of these two cases are readily
obtained. In the following we shall focus on the influence
of the sweep frequency γ on the transition probability
and demonstrate that the high velocity of the scanning
rate could suppress the error caused by the truncation
of the driving pulse. We stress that this is a general re-
sult for the described driven model, although it will be
illustrated below via the simplest case of j = 12 .
Explicitly, for the two-level system undergoing an im-
perfect driving process with the symmetric truncation,
the probability of the transition |+〉 ↔ |−〉 is given by
P−+ = P+− = 1− cos2 Θ(τc)
2
sin2 δ. (14)
To reveal the influence of the sweep frequency γ on the
population transfer, let us denote by δ0 = arctan
Ωx
Ωz(τc)
the deviation of the pulsed field vector Ω(t) from the
ideal z axis at the points t = ±τc. In view of Ωx = η1,
Ωz(τc) = η2 tan(γτc), and the matching condition of the
frequency: η22 = η
2
1 − γ2, one has
tan δ =
√
1− (γ/η1)2 tan δ0. (15)
The equations (14) and (15) indicate that, for the fixed
values of Ωx and Ωz(τc), the cutoff error to the transition
probability that is dominated by δ could be suppressed
through increasing the sweep frequency γ. Especially, as
long as the frequency is modulated within the matching
condition and satisfies γ/η1 → 1, the high-fidelity popu-
lation transfer could be achieved by the nonadiabtic evo-
lution even when there exists dramatic truncation of the
driving field, i.e., with a finite deviation δ0 of the field
vector from the z axis at t = ±τc (see Fig. 3).
The above characterized dynamics of the tangent pro-
tocol in which the population transfer could be enhanced
via accelerating the scanning rate implies a rare and in-
triguing character that has not ever been found in other
existing quantum driven models. Firstly, in the linear LZ
protocol the nonadiabaticity of the evolution is known to
induce unwanted transitions to the population transfer.
A second example appropriately serving as a reference
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FIG. 3: Transition probabilities yielded by the imperfect puls-
ing processes with truncation. The error caused by the cut-
off of the driving field is shown to be suppressed when the
scanning rate of the protocol increases. An ultrahigh fidelity
(1−P−+ ∼ 10
−4) is attainable through the nonadiabatic evo-
lution (γ/η1 = 0.99) even when there is dramatic truncation
of the driving field (δ0 ∼
pi
30
).
is the counter-diabatic protocol based on the transition-
less quantum driving. Given a Hamiltonian H(t), the
protocol cancels the nonadiabatic part of the evolution
under H(t) by introducing an auxiliary counter-diabatic
field and ensures that the system evolving under the total
Hamiltonian Hcd(t) = H(t)+H
′(t) always remains in the
instantaneous eigenstate of H(t). For the Hamiltonian
specified by Eq. (1), there is Hcd(t) = H(t) + δ˙cd(t)Jy
and the corresponding time evolution operator reads
Ucd(t, t0) = e
iδcd(t)JyeiΘcd(t,t0)Jze−iδcd(t0)Jy , (16)
in which δcd(t) = pi − arccos Ωz(t)Ω(t) and Θcd(t, t0) =∫ t
t0
Ω(τ)dτ with Ω(t) =
√
Ω2x +Ω
2
z(t).
Consider a similar truncation of the scanning pro-
cess of the counter-diabatic protocol, i.e., t ∈ [−τc, τc]
with γτc =
pi
2 − δ. The matrix of transition probabil-
ities related to the protocol is specified accordingly as
P cdm′m(τc) ≡ |〈m′|Ucd(τc,−τc)|m〉|2 in which Ucd(τc,−τc)
denotes the corresponding evolution operator described
in Eq. (16). In view of δcd(−τc) = δ0 and δcd(τc) = pi−δ0,
it is readily recognized that for the two-level system the
transition probability reads
P cd−+(τc) = |〈−|ei(pi−δ0)JyeiΘcd(τc)Jze−iδ0Jy |+〉|2
= 1− cos2 Θcd(τc)
2
sin2 δ0, (17)
in which Θcd(τc) ≡ Θcd(τc,−τc). Comparing with Eq.
(14), the critical difference is that the cutoff error in the
counter-diabatic protocol is dominated by δ0 instead of
δ that was shown in the previously described protocol.
Indeed, since the transitionless driving algorithm pursues
the evolution in such a way that the state remains to be
in the adiabatic state of H(t), it turns out to be a general
result that the cutoff error in all its resulting protocols is
independent of the sweep frequency.
Summing up, we have proposed a design for the pop-
ulation control which unifies the high operation rate and
robustness as its intrinsic character. While its simple
form of the tangent-pulse sweep could rival the linear LZ
protocol, we have shown that the generated dynamics as-
sociated with avoided level crossings, whatever adiabatic
or nonadiabatic, could yield the desired population trans-
fer. Compared to those existing nonadiabatic protocols
based on the transitionless driving algorithm, the present
scheme possesses distinct superiorities: 1) no auxiliary
time-varying field but a simple matching condition for
the sweep frequency is involved; 2) for imperfect pulsing
processes with truncation, the cutoff error could be sup-
pressed by enhancing the scanning rate of the protocol.
We emphasize that the matching condition of the fixed
frequency in the design does not add technical complexity
to the tangent-pulse driving and is readily achievable for
experimental implementation, e.g., by the Bose-Einstein
condensates in an accelerated optical lattice [37] or by
the nitrogen-vacancy center in diamond [28]. Finally, we
expect that the finding of the exactly solvable tangent-
pulse driven quantum model is helpful to advance further
the study of the issue of the solvability for more general
time-dependent quantum systems.
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